It is reported that Kerr-Newman and Kerr-Sen black holes are unstable to perturbations of charged massive scalar field. In this paper, we study analytically the complex frequencies which characterize charged massive scalar fields in a near-extremal Kerr-Sen black hole. For near-extremal Kerr-Sen black holes and for charged massive scalar fields in the eikonal large-mass M ≫ µ regime, where M is the mass of the black hole, and µ is the mass of the charged scalar field, we have obtained a simple expression for the dimensionless ratio ω I / (ω R − ω c ), where ω I and ω R are, respectively, the imaginary and real parts of the frequency of the modes, and ω c is the critical frequency for the onset of super-radiance. We have also found our expression is consistent with the result of Hod [1] for the case of a near-extremal Kerr-Newman black hole and the result of Zouros and Eardly [2] for the case of neutral scalar fields in the background of a near-extremal Kerr black hole.
I. INTRODUCTION
Black holes are very exotic objects that are believed to exist in the Universe and should be studied both theoretically and experimentally. Despite their exotic nature, they obey the fundamental laws of physics, for instance, the law of conservation of energy and the second law of thermodynamics, which states that the total entropy of the Universe is always increasing as time passes.
In Einstein's theory of gravity, black holes are often classically thought of as dead. They can absorb radiation and energy but cannot emit it [3] . Moreover, naively, they do not seem to have an entropy. However, this leads to a paradox which was resolved by Bekenstein [4] and further clarified by Hawking [5] . In particular, in 1969, Penrose [6] contrived a classical process to extract energy from a rotating black hole. Another way to extract energy from a black hole is through the super-radiant effect and the instability of particles scattered from the black hole.
The physical system we consider consists of a charged massive scalar field coupled to a charged rotating Kerr-Sen black hole. Attractively, this stationary scalar field configuration marks the physical boundary between a stable and unstable composed black-hole-charged massive-scalar-field stationary configuration. The black-hole-charged massive-scalar-field stationary configuration exist due to two distinct physical effects which together combine to hold the fields in the spacetime region exterior to the black hole horizon [7] . The first physical mechanism that is liable for the existence of these composed black-hole-charged massive-scalar-field stationary configurations is the phenomenon of super-radiant scattering of the scalar fields in the black hole background. In the case of rotating and charged black holes, it was discovered that scalar waves coming from infinity were attracted by the gravity of the black hole and scattered back to infinity with a scalar wave reflection coefficient greater than one if the scalar-field frequency is within the range
where m is the momentum angular of the scalar field, q is the charge of the scalar field, Ω H is the angular velocity, and Φ H is the electrostatic potential defined in Eqs. (2.15) and (2.16). The second physical mechanism needed for the existence of these composed black-hole-charged massive-scalar-field stationary configurations is provided by the mutual gravitational attraction between the black hole and the massive scalar field. A mass µ for a scalar field will forbid waves of frequency,
from escaping to infinity. Rather they will be reflected back into the black hole by a potential barrier. If the scalar field satisfies the condition (1.1), i.e., super-radiance condition, the scalar wave will be amplified by the rotational energy of the black hole.
Recent analytical and numerical studies of the scalar fields coupled to black holes have revealed that charged (rotating) black holes can support stationary scalar configurations, which are regular at the horizon and outside it. These stationary clouds are the linear version of nonlinear hair [12] [13] [14] [15] .
In a recent paper, we investigated stationary scalar clouds around a Kerr-Sen black hole [9] . By using a numerical method, Huang, Liu, Zhai, and Li have shown a numerical analysis of charged massive scalar clouds around Kerr-Sen black holes beyond the near-extremal limit [20] . The existence of the charged massive scalar fields in a Kerr-Sen black hole background should have an asymptotically exponentially decaying radial solution behavior [8] . We found that this asymptotic radial solution matched this requirement well:
where ω c is the critical frequency
Here, r + is the radial coordinate of the outer horizon defined in Eq. (2.8). The "tortoise" radial coordinate r * is defined by
The rotational parameter a is defined as a ratio between the black hole's angular momentum J to its mass M. Both b and ∆ KS are defined in Eqs. (2.5) and (2.6).
The super-radiant instability of charged massive scalar fields in Kerr-Newman spacetime was studied in the important work by Furuhashi and Nambu in [38] . It was found that, in the region satisfying the small frequency Mµ ≪ 1 and the small charged |qQ| ≪ 1 regime, the imaginary parts of the frequencies which characterized charged massive scalar fields in the Kerr-Newman background are given by
The purpose of this paper is analytically study the Kerr-Sen black hole and a charged massive scalar field.
The paper is organized as follows. In Sec. II, we review the Kerr-Sen geometry and the corresponding charged massive-scalar-field equation. In Sec. III, we study and derive the radial solution in the far, near, and overlap regions. In Sec. IV, we derive the frequencies of the charged massive scalar fields in the background of a near-extremal Kerr-Sen black hole, and then in Sec. V, we compare our large-mass regime result for the frequencies of the composed black-hole-field system with the corresponding result of Hod in [1] and Zouros and Eardly in [2] . In the last section, we summarize the paper. In this paper, we use the units where G =h = c = 1.
II. CHARGED MASSIVE SCALAR FIELD IN KERR-SEN SPACETIME
In 1992, Sen obtained a four-dimensional charged and rotating black hole solution in the low-energy limit of heterotic string theory. The effective action in four dimensions reads [39] 
whereg is the determinant of the tensor metricg µν [40] , R is the scalar curvature, Φ is the dilaton field, and F µν is the field-strength tensor
with A ν being the electromagnetic 4-vector potential of the charged black hole. H κλµ is the third-rank tensor field
and B νσ is a second-rank antisymmetric tensor gauge field. Sen applied a transformation to the Kerr solution, known as a solution to the vacuum Einstein equation, to obtain the charged rotating black hole solution in the theory (2.1), known as the Kerr-Sen solution.
In Boyer-Lindquist coordinates (t, r, θ, φ), the Kerr-Sen metric in the Einstein frame can be read as [9, 36, 41, 42 ]
In fact, r + and r − represent the outer and inner black hole horizons given by
The nonvanishing components of the Kerr-Sen contravariant tensor metric in the Einstein frame are
with √ −g = Σ sin θ. The Kerr-Sen metric (2.4) describes a black hole with mass M, electric charge Q, and angular momentum J = Ma. The solutions for nongravitational fundamental fields in the theory described by the action (2.1) are
10)
11)
12) 13) and the related Hawking temperature, angular velocity, and electrostatic potential at the horizon are given by
14) Now we consider a charged massive scalar particle field Ψ outside of a Kerr-Sen black hole with mass µ and charge q that obeys the following Klein-Gordon wave equation [45] :
To solve the equation above, as usual we can use the ansatz of the scalar field [46] [47] [48] [49] 18) where ω is the frequency of the wave field, l is the spheroidal harmonic index, and m is the azimuthal harmonic index. Substituting Eqs. (2.9), (2.11), (2.12), and (2.18) into Eq.
(2.17) gives us two separated equations, specifically the angular part 19) and the radial part
with
The coupling constant λ lm may be expanded as a power series [50] :
For later purpose, in the asymptotic regime l = m ≫ 1, the coupling constant (2.22) may be expanded as the asymptotic behavior [51] [52] [53] :
III. SOLUTION IN THE NEAR, FAR, AND OVERLAP REGION
Following Refs. [7, 49] , we shall outline the new dimensionless variables
2) 
where
We shall consider the following conditions for near-extremal black holes regime with
and low-frequency scalar-field regime
For near-extremal Kerr-Sen black holes with conditions (3.8) and (3.9), there is an overlap region τ ≪ x ≪ 1; therefore, we can use a matching procedure to determine the complex frequencies which characterize charged massive scalar fields in the background of a charged rotating Kerr-Sen black hole.
A. Near region
First, we solve the radial Teukolsky equation (3.5) within the region
in which we can approximate the effective radial potential (3.6) as
The solution of Eq. (3.5) with V ≡ V near is
It is useful to write Eq. (3.12) within the form
.
(3.14)
Using the asymptotic limit 2 F 1 (a, b; c; z) → 1 for abz/c → 0 of the hypergeometric function, one finds the radial solution of the charged massive scalar fields [Eq. (3.14)] in the overlap region τ ≪ x ≪ 1 within the form
16) 17) are the normalization constants.
B. Far region
Next, we solve the radial Teukolsky equation (3.5) within the region 18) in which Eq. (3.5) can approximately be expressed as
In this far region, the effective radial potential (3.6) approaches
The radial solution of Eq. (3.19) is
are the dimensionless variables. Using the asymptotic limit M (a, b; z) → 1 for az/b → 0 of the Whittaker function [54] , one finds the radial solution of the charged massive scalar fields [Eq. (3.19) ] in the overlap region
within the form 
, (3.26)
Next, we shall analyze and derive the equation which characterized the complex frequency of charged massive scalar fields in the background of a Kerr-Sen black hole. The radial solution (3.21) of the charged massive scalar fields is characterized by the asymptotic limit
x → ∞. The expansion for this asymptotic limit at infinity is given by [55] R
From the boundary condition (1.3), we realize that the charged massive scalar fields are characterized by an exponentially decaying radial solution at infinity. This shows that the coefficient of the growing exponent e εx must vanish:
Plugging Eqs. (3.26) and (3.27) into Eq. (3.29), one finds In the near-extremal regime, one can use the approximated gamma function relation that appears in Eq. (3.30) as
Plugging Eq. (3.32) into Eq. (3.30), one finds the condition
whereω is a dimensionless parameter which quantifies the distance between the frequency of the charged massive scalar field ω and the critical frequency ω c that can be expressed as where R and I are, respectively, a real quantity and a complex quantity [57] ,
2)
From Eqs. (4.1)-(4.3), one finds relations 5) which can be simplified in a dimensionless ratio [58] , 6) for the frequencies of the charged massive scalar fields in a near-extremal Kerr-Sen black hole.
V. THE EIKONAL LARGE-MASS REGIME
In this section, we study the eikonal large-mass regime of the charged massive scalar fields in the background of a Kerr-Sen black hole. In the asymptotic large-mass regime, 
3) 6) under these conditions 12) which is consistent with the WKB result of Eq. (5.6) for the neutral scalar fields coupled to a rotating Kerr black hole in the eikonal large-mass regime.
VI. SUMMARY AND DISCUSSION
In this paper, we have studied analytically the super-radiant instability properties of the charged massive scalar field in a Kerr-Sen black hole background by analyzing the complex resonance parameter which characterizes the charged massive scalar field in the Kerr-Sen black hole spacetime. In the eikonal large-mass M ≫ µ regime, it is found that the dimensionless ratio for the frequencies of the charged massive scalar fields in the nearextremal Kerr-Sen black hole spacetime is also consistent with the result of Zouros and
Eardly [2] for the case of neutral scalar fields in the background of a near-extremal Kerr black hole. In showing this consistency, we adopt the method by Hod in Ref. [1] , where the case of the Kerr-Newman black hole spacetime is studied. As we know, both KerrNewman and Kerr-Sen black holes have quite similar physical properties, and because both are rotating and charged black hole solutions, it is natural to expect that the result resembles the Kerr-Newman one.
Finally, we would like to note that it is interesting to analyze the super-radiant instability growth rate [Eq. (5.5)] in the dimensionless charge-to-mass ratio, which characterized the explosive charged massive scalar fields. For the composed Kerr-Newman black-hole-charged massive-scalar-field system, it was shown by Hod in Ref. [1] that, in the eikonal large-mass M ≫ µ regime, the super-radiant instability growth rates of the explosive charged massive scalar fields are characterized by a nontrivial dependence on the dimensionless charge-to-mass ratio. Intuitively, we predict that the same outcome can be found for the case of the composed Kerr-Sen black-hole-charged massive-scalar-field system.
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